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The holographic mutual information between two separated circular regions in a 3+1 dimensional gauge 
theory dual to AdSs x S'^ through the AdS/CFT correspondence, is computed in the limit in which the separation 
L between the regions is much larger than their sizes a. The calculation uses some previous results concerning 
the holographic computation of the long distance correlator of two distant Wilson loops. It is shown that for 
these regimes, the holographic mutual information follows a power law decaying behaviour whose order is given 
by a prefactor with A the t'Hooft coupling of the boundary theory. This contradicts a conjectured sharp 
vanishing of this quantity in the large separation regime. The result is compared with a recent prediction on the 
mutual information between distant regions in 3+1 dimensional free conformal field theories. 
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INTRODUCTION 

Entanglement entropy (EE) and other related information- 
theoretic quantities such as mutual information (MI) are by 
now regarded as valuable tools to study different phenomena 
in quantum field theories and many body systems Ul. These 
quantities provide a new kind of information that cannot be 
obtained from more standard observables such as expectation 
values. Namely, both EE and MI, are sensitive probes able to 
detect non-local signatures of the theory such as topological 
order which can not be detected by any local observable. Con- 
cretely, the mutual information Iab between two arbitrary re- 
gions A and B has certain advantages over the entanglement 
entropy. First, Iab can be viewed as an entropic correlator 
between A and B defined by. 



Iab — Sa + Sb - Sa 



UB, 



(1) 



where Sa, b is the entanglement entropy of the region A{B) 
and Saub is the EE of the two regions. By its definition, Iab 
is finite and, contrarily to EE, is non UV-cutoff dependent. 
In addition, the strong subadditivity property of the EE states 
that when A and B are disconnected, then 



Sa + Sb > Sal 



(2) 



which inmediatly leads to realize that Iab > 0. A standard 
approach to compute EE and MI makes use of the replica trick 
||2[]. Unfortunately, these calculations are notoriously difficult 
to carry out, even in the case of free field theories. 

In the context of the AdS/CFT |3i|, however, Ryu and 
Takayanagi (RT) have recently proposed a remarkably sim- 
ple formula 14(1 to obtain the EE of an arbitrary region y4 of a 
d + 1 dimensional CFT which admits a classical gravity dual 
given by an asymptotically AdSd+2 spacetime. According to 
the RT formula, the EE is obtained in terms of the area of 
a certain minimal surface ja in the dual higher dimensional 
gravitational geometry; as a result, the entanglement entropy 
Sa in a CFT^j+i is given by the celebrated area law relation 



Sa 



Arca(7A) 



(3) 



where d is the number of spacetime dimensions of the 
boundary CFT and 7^ is the d-dimensional static minimal sur- 
face in AdSd+2 such that dA = d-fA- The G^^^^ is the d + 2 
dimensional Newton constant. 

In this letter we consider the mutual information between 
two disconnected regions A and B in the ground state of an 
strongly coupled quantum field theory which admits a gravity 
dual through the AdS/CFT correspondence. Using (13) in ([T), 
this quantity reads, 

Iab = rrr^T [Arca(7A) + Arca(7_B) - Arca{'-fAuB)] , 



AG 



{d+2) 
N 



(4) 

where Area(7AuB) is the area of the minimal surface re- 
lated to AU B. Recently, the holographic mutual informa- 
tion dU has been considered in a quite remarkably amount of 
different settings jsl 01 ■ An striking prediction for the holo- 
graphic MI arises when analyzing the behaviour of the min- 
imal surface ^aub- In jstl it is shown how, for certain dis- 
tances between the two regions, there are minimal surfaces 
Ja"b connecting A and B. For those regimes, the holo- 
graphic MI has a nonzero value proportional to the number 
of degrees of freedom in the gauge theory lying on the bound- 
ary of AdS(i+2- However, when the separation between the 
two regions is large enough compared to their sizes, then a 



disconnected surface 7*^5 with 



Area(7l^5) 



Area(7A) + Area(7_B), 



(5) 



is both topologically allowed and minimal. In this case, (O 
yields Saub = Sa + Sb and a sharp vanishing of Iab then 
occurs. This result is quite surprising from a quantum infor- 
mation point of view since, when the MI vanish, the reduced 
density matrix paub factorizes into paub ~ Pa® Pb, imply- 
ing that the two regions are completely decoupled from each 
other and thus, all the correlations (both classical and quan- 
tum) between A and B should be rigorously zero. Indeed, it 
seems, at least counterintuitive, that all the correlations should 
strictly vanish at a critical distance, in a field theory in its large 
N (t'Hooft coupling) limit. This behaviour is a general pre- 
diction of the Ryu-Takanayagi formula ^ which is valid for 
any two regions of any holographic theory IJl . 



2 



MINIMAL SURFACES, WILSON LOOPS AND MUTUAL 
INFORMATION 

At large N and t'Hooft coupling A, the holographic dual 
of a gauge theory is in the small string tension and curvature 
limit, in which the Wilson loops are represented by classical 
minimal area worldsheets 7 ending on the boundary of AdS, 
and their expectation values are given by. 



{W{C)) = cxp [-VA Area(7)j , 



(6) 



where C = 9 7 and A is the t'Hooft coupling ||3|]. The strong 
subadditivity property of the EE for disjoint regions can be 
used to prove the concavity of two coplanar and disjoint Wil- 
son loops by replacing. 



Area(7) = -X'^/^ log(M^(C)) 



(7) 



in (|2]l. Namely, if one defines Ca = 

Caub = d{A U B) then obtains. 



dA, Cb = dB and 



{W{Ca)) {W{Cb)) < {W{Caub)) = {W{Ca)W{Cb)). 

(8) 

In terms of minimal surface areas, (|8} can be illustrated as 
follows 101: let us consider, two circular Wilson loops Ca 
and Cb of radius a separated by a distance L. For certain 
range of the separation L, the loops are represented in the 
bulk by a string worldsheet Jaub ^i'^^ the two loops at its 
boundary. However, there is a critical distance Lc for which 
the classical string stretched between the two loops becomes 
unestable and degenerates into two semispheres 7^ and 75 
which reflects in the saturation of the first inequality in (|8), 



i.e {W{Ca)W{Cb)) = (W(Ca)) {W{Cb)). This resuh is 
equivalent to the vanishing of the mutual information com- 
mented above while it is equally puzzling. Namely, the pic- 
ture presented above is incomplete. Indeed, when the classical 
worldsheet "fAuB becomes unstable, it starts to collapse, but 
before becoming totally disjoint, the two semispheres 7^ and 
jB Stay connected by a long thin tube of a string scale Is ra- 
dius. This tube is protected against total collapse by quantum 
fluctuations on its surface. This tube represents the exchange 
of light supergravity modes in the bulk of AdS that couple to 
the worldsheets 7^ and jb of the Wilson loops (see Figl) and 
therefore, the correlator 



{W{CA)WiCB)) - {W{Ca)) {W{Cb)) > 0, 



(9) 



i.e, does not totally vanish, but results mediated by light 
mode exchange between worldsheets. According to this pic- 
ture concerning the correlators of Wilson loops and recalling 
dUi and (|7]i, then the Ryu-Takanayagi minimal area prescrip- 
tion dill for the holographic mutual information between two 
disjoint circular regions A and B of radius a separated by a 
distance L, might be recasted in terms of a supergravity cal- 
culation for the long distance correlator of Wilson loops in the 
AdS bulk, yielding, 



Iai 



A-1/2 



4G 



(d+2) 
N 



log 



{WjCA) W{Cb)) 

(WiCA)) (WiCB)) 



(10) 



In CFT, the correlator within the brackets can be calculated 
from the OPE of the two Wilson loops, i.e. 



(11) 



z,{m,n}7^0 



where in the last equality, the first term refers to the 
contributions due to primary operators, while the second 
one contains the contributions from descendants. Here, we 
have slightly changed the notation to W{0) = W{Ca) and 
W{L) = W{Cb)- In iHl, this correlator has been computed 
through the AdS/CFT correspondece. In the supergravity ap- 
proximation, the correlator of a pair of Wilson loops largely 
separated in comparison with their size, is the amplitude for 
the exchange of SUGRA modes 5' between the string world- 
sheets having Ca and Cb as boundaries. The main contribu- 
tion to this amplitude comes from the exchange of the lightest 
modes which correspond to operators of the lowest dimen- 



sions in the CFT side (see Fig. 1). 



HOLOGRAPHIC MUTUAL INFORMATION IN THE = 4 
SYM AdSs X DUALITY 

In this section we compute the holographic mutual infor- 
mation (IHi in the TV = 4 SYM / AdSs x duality through 
( [Tol l. The long distance correlator betwen two circular Wil- 
son loops is given by the exchange of light SUGRA modes in 
the bulk of AdS 5 that couple to the worldsheet of the loops. 
For 10-dimensional supegravity compactified on x S^, the 




FIG. 1: Correlation function of two disconnected Wilson loops. Left: Regimes of a/ L for which a connected worldsheet ^aub exists. Right: 
Regimes of a/L for which the correlator is calculated through the exchange of bulk supergravity fields 



ten-dimensional fields may be written as, 

= ^ 0fc Ykj 



(12) 



k.I 



where (pk is a five dimensional field an Yk.i are the spheri- 
cal harmonics on with total angular momentum k. The 
full spectrum of lOD-supergravity compactified on was 
obtained in ifioll but, in what follows, we will focus only in 
the dilaton $ and in "tachyonic" scalars Sk Ht]. 

The most general form for the long distance correlator in- 
tegrates the amplitude for the exchange of a SUGRA mode in 
the bulk between two points on the disjoint worldsheets ja 
and jB and then sums over all modes, i.e. 



log 



{W{L)W{Q)) 

WWWm 



i.k.I 



2 

k,I 



(13) 



dAA / dABgT9BG 'i'^,<^') 



where and g^^ are the couplings of the field i to the 
worldsheets and may be functions of the radial coordinate z, 
a = {x, z) and a = (.t , z ) are points on the two sepa- 
rataed worldsheets, G^'''{a, a') is the propagator, and are 
the worldsheet area elements, which are known for a general 
metric. It is easy to figure out the N dependence of the am- 
plitude ( fT3] l. The propagator given by the supergravity calcu- 
lation is of order ^ a'^g^s- This combines with an extra a'^^ 
coming from the two worldshhet area elements to produce an 
amplitude ( fTSl l of order 



/2 2 

" gs 



(14) 



J_ gs_ 

47r N' 

In (see also |@]), the amplitude ( fT3] l was calculated for 
the exchange of the dilaton $ and the tachyonic scalars Sk- 
The leading dependence in {a/L) of ( fT3] ) is governed by the 
asymptotic large u = \a — a \ of the SUGRA fields Green's 
function and yields. 



log 



{W{L)W{Q)) 

WWWm 



47r N 



E 

k.I 



a \ 



2A 



(15) 



for the tachyonic scalars Sk with A = fc > 2 and, 

{W{L)W{Qi)) 



Ids 



{w{L)) {wm 



]_g_^ 

47r N 



fe.7 



ifc-2 



7r(fc + l)(A: + 2) (a 



(i 



2A 



for the dilaton $ with A = 4 + /s, and k > 0. 

The most relevant contributions to the amplitude (fT3] l are 
those obtained when considering the lowest fc's for each field. 
Thus, the leading {a/L) term in ( fT3] l is due to the lightest 
scalar with fc = 2 and reads. 



log 



{W{L)W{Q)) 

WWWW) 



J_gs_ ra 

An N \L 



with 



2'=-^-E^M 



(17) 



(18) 



2'=fc(fc + 3)(fc + 2)) 



fe=2 



-I k=2 

_ 160 



7r(fc + 1)2 
In the last equality we have made use of, 
J2y^j^ (fc + 3)(fc + 2) 



7r2(fc + 1) 



(19) 



which refers to the summation over the spherical harmonics in 
5^. By substituting ([17) into ^ {d = 3, in the A/" = 4 SYM 
theory), it is straightforward to obtain the L ^ a asymptotics 
for the holographic mutual information between two separated 
circular regions. The result reads as. 



Iai 



A-i/2 



4G 



{d+2) 
N 



loe 



{W{L)W{0)) 

WWWm 



(20) 

with A = gYM '^^y furter simplify the last expres- 

sion to obtain. 



Iai 



40 rr /a^^ 



0.450 VA 



L 



(21) 
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It is worth to note that the N dependence of Iab is of order 
■\/]V. This impHes that the holographic MI between wide sep- 
arated regions of the (3+l)-dimensional A/^ = 4 SYM theory, 
does not suffer a sharp vanishing due to large N effects but 
instead, it smoothly decays following a power law given by 
( I2TI 1. In this sense, it is convenient to emphasize that recently, 
by means of field theoretical aguments, it has been shown 111 III 
that the mutual information Iab between two disjoint com- 
pact spatial regions A and B in the ground state of a d + 1- 
dimensional CFT, in the limit when the separation L between 
A and B is much greater than their sizes a, reads. 



Iai 



C 



AS 



(22) 



where x is the smallest scaling dimension of the theory and 
Cab is a constant depending on the shape of the regions A 
and B. Concretely, in the case of circular regions in (3h-1) 
dimensional free CFT, the result yields. 



'■"-15 III '"""^ 



(23) 



which shows a remarkable agreement with our holographic 
calculation for the 3h-1 dimensional A/^ = 4 SYM theory. 



CONCLUSION AND DISCUSSION 

In this letter we have computed the holographic mutual in- 
formation (IDi between two disconnected circular regions in 
the (3H-l)-dimensional7V = 4 SYM theoiy dual to AdS.5 x 5^ 
in the limit when the separation L between them is much 
larger than their sizes a. The calculation makes use of 
previous results concerning the long distance correlator be- 
tween disconnected Wilson loops in AdSs. Namely, the Ryu- 
Takanayagi minimal area prescription (2) has been recasted 
in terms of a supergravity calculation for the long distance 
correlator of Wilson loops in AdSs. For those regimes in 
which L ^ a, this correlator is dominated by the exchange 
of the lightest SUGRA modes between the worldsheets of 
the loops. The result contradicts a conjectured sharp vanish- 
ing of the holographic mutual information for large N theo- 
ries admitting an holographic dual. Nameley, for the regimes 
that we have considered, the holographic mutual information 
follows a power law which remarkably coincides with a re- 
cent field theoretical prediction for the mutual information be- 
tween disjoint circular regions in (3H-l)-dimensional free CFT 
1 1 III . Nevertheless, contrarily to the case of a free theory, the 
prefactor of the holographic MI in (l2Qi . is governed by \/A, 
with A the t'Hooft coupling of the boundary theory. We leave 
for future studies to analyze the phase transition of the holo- 
graphic mutual information between the regimes in which it 
follows an area law proportional to the local number of de- 
grees of freedom in the bulk (~ in Af = i SYM theory) 
i.e, when a fully connected minimal surface 'Jaijb allowed, 
and the regimes which have been considered here. 



Appendix 

In this appendix we show some terms of the A/^ = 4 
SYM/AdSs duality dictionary and the calculations giving the 
N dependence of (fl4] i and ( |20l i . First, we introduce some ba- 
sic identities related with the Kaluza Klein compactification 
of a 10-dimensional supergravity theory into a 5-dimensional 
one and other identities related with the dictionary of the du- 
ahty. 



^10 _ 

— 

34 



(24) 



9 s = '^t^9ym^ 

where a' and gs are the string tension and string interaction 
strength respectively, R is the radius of AdS^ (that will be set- 
tled to 1 after our calculations), TV is the number of colors of 
the boundary gauge theory with a gy m coupling both defining 
the t'Hooft coupling A. 

With this dictionary entries we first calculate the order of 
the amplitude ( fT3T l. 



12 2 
a 5s 



i?4 



AngsN 



l_9s 
47r N' 



9s A_ AT 



(25) 



where in the last equality we have settled R~l. We now turn 
to compute the prefactor appearing in (|20) setting the order 
of the holographic mutual information in the long separation 
regime. 



X-1/2 



a g^ C2, 



(26) 



which, using ( l24b is easily obtained yielding (after settling 

i? = l), 

(27) 

47r 
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